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Abstract
We construct quasimultiples of a0ne planes, inversive planes, and unitals from geometrical con2gurations in various
2nite geometries. All designs have k = . These designs are simple (no repeated blocks), and all appear to be irreducible
in the sense that a quasimultiple of type P will have no subdesign isomorphic to P. This is veri2ed for small orders by
computer computations.
c© 2004 Elsevier B.V. All rights reserved.
Keywords: Quasimultiples; A0ne planes; Inversive planes; Unitals
1. Introduction
A block design D=(P;B) is a collection B of k-subsets (called “blocks”) of a v-set P such that every t-subset of P
is contained in exactly  blocks, for some positive constant . Such a design is often referred to as a t − (v; k; ) design.
With this notation a t − (v; k; s) design is called an s-fold quasimultiple of a t − (v; k; ) design, for any integer s¿ 2.
When s = 2, the design is often called a quasidouble.
Quasimultiple projective and a0ne planes (that is, 2− (n2 +n+1; n+1; ) and 2− (n2; n; ) designs, respectively) have
received considerable attention in recent years. These designs have been studied from several diBerent perspectives. For
these cases where the Bruck–Ryser Theorem rules out =1, an interesting problem is to determine the smallest value of
 for which such a design exists. In [25] it is shown that there exists a 2− (n2; n; n− 1) design whenever n2 − n− 1 is a
prime power. In [20] it is conjectured that quasidouble a0ne planes exist for all values of n. This conjecture is veri2ed
for n = 6 in [20] and for n = 28 in [14]. In most constructions, such as in [14], repeated blocks are used. In this paper
we consider only simple designs; that is, designs with no repeated blocks.
Lower bounds for the number of mutually nonisomorphic quasimultiple projective and a0ne planes of a given order
are determined in [19]. For instance, by composing permuted copies of the base plane, lower bounds of order O(n4)
for quasidoubles are obtained whenever n is a prime power. Our emphasis, on the other hand, will be on constructing
quasimultiple designs which are actually “irreducible” as de2ned below.
Given an s-fold quasimultiple of a t − (v; k; ) design, it is a very di0cult problem to determine if this design can
be decomposed into s copies of a t − (v; k; ) design. If the quasimultiple design has no t − (v; k; ) subdesign, we will
say the quasimultiple design is irreducible. In [11] it is shown that deciding whether a design has a nontrivial subdesign
is NP-complete. This is shown to be true even in the case when the design is a 3-fold quasimultiple of a Steiner triple
system.
In the following sections we describe three geometric settings in which quasimultiple simple designs naturally occur:
a 4-fold quasimultiple of an a0ne plane of order 4, a (q + 1)-fold quasimultiple of an inversive plane of order q, and a
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(q+ 1)-fold quasimultiple of a unital of order q. In all cases we have k = . The issue of irreducibility is then positively
resolved, at least for small values of q. Throughout the paper the software package MAGMA [10] is used.
2. An ane plane quasimultiple
In this section we construct an irreducible, simple 4-fold quasimultiple of an order 4 a0ne plane by starting with a
Hermitian surface in projective 3-space over the 2nite 2eld GF(9). Let 	 = PG(3; 9), and let H denote the Hermitian
surface in 	 with canonical equation x40 + x
4
1 + x
4
2 + x
4
3 = 0 in the homogeneous coordinates (x0; x1; x2; x3). For a thorough
description of Hermitian surfaces in PG(3; q2), for any prime power q, the reader is referred to [17, Chapter 19]. In our
case every line of 	 meets H in 1, 4 or 10 points. The latter lines lie completely on the surface, and are called the
generators of H. They are 112 in number.
It is well known that the 280 points of H cannot be partitioned into 28 skew generators. Such a collection of mutually
skew generators partitioning all the points of the Hermitian surface would be called a spread, and any collection of
mutually skew generators is called a partial spread (or span) of H. In [16] it is shown that the largest span among
the 112 generators of H has size 16. Moreover, any two spans of size 16 are projectively equivalent. This is done
by an exhaustive search. Such a maximum span T is related to Kummer’s quartic surface (see [18]), and has many
interesting combinatorial properties. For instance, as pointed out in [16], every generator not in T meets precisely 4
or 10 lines of T. There are exactly 16 generators meeting 10 lines of T in one point each, and these 16 lines form
another (maximum) span T′ which naturally covers the same set of 160 points on the surface H as does T. Moreover,
the 80 generators not in T ∪ T′ each meet exactly 4 lines of T, and the resulting collection of 80 4-sets are all
distinct.
Taking as varieties the 16 generators of T and as blocks these 80 subsets of T of size 4, one obtains a 2− (16; 4; 4)
design; that is, a 4-fold quasimultiple of an a0ne plane of order 4. It was remarked in [16] that this design is “evidently”
4 disjoint copies of AG(2; 4) on the same set of points, but no further mention of this design was made since it was not
relevant to the discussion in the cited paper. As it turns out, this quasimultiple is not four copies of an a0ne plane, and
in fact contains no a0ne plane of order 4 as a subdesign. We now describe the computer search which enabled us to
make this conclusion.
Labeling the 16 lines of T by the integers 1; 2; : : : ; 16, the 80 subsets of size 4 as described above are the following:
{2, 3, 14, 15}, {6, 9, 11, 14}, {7, 9, 13, 14}, {1, 4, 10, 15},
{3, 4, 5, 14}, {1, 2, 4, 8}, {2, 4, 6, 16}, {5, 6, 15, 16},
{1, 2, 7, 13}, {6, 8, 9, 12}, {1, 2, 5, 10}, {3, 6, 7, 9},
{1, 3, 9, 15}, {1, 4, 13, 14}, {7, 9, 10, 15}, {4, 5, 9, 16},
{4, 9, 11, 12}, {3, 6, 11, 16}, {6, 7, 14, 16}, {6, 11, 12, 15},
{2, 3, 5, 7}, {4, 6, 7, 10}, {2, 8, 11, 16}, {3, 5, 6, 12},
{5, 6, 7, 8}, {2, 3, 9, 12}, {4, 8, 12, 15}, {2, 9, 15, 16},
{3, 4, 7, 15}, {7, 8, 10, 11}, {3, 10, 11, 12}, {5, 10, 12, 15},
{4, 5, 7, 11}, {3, 5, 10, 16}, {8, 9, 10, 16}, {2, 5, 8, 12},
{2, 12, 14, 16}, {2, 4, 10, 12}, {2, 7, 11, 15}, {2, 7, 8, 9},
{4, 11, 14, 15}, {10, 11, 15, 16}, {3, 4, 8, 16}, {4, 7, 12, 16},
{1, 5, 9, 11}, {1, 6, 12, 13}, {2, 5, 11, 14}, {1, 3, 4, 6},
{1, 9, 12, 16}, {1, 7, 11, 12}, {1, 14, 15, 16}, {2, 6, 10, 14},
{1, 6, 9, 10}, {6, 8, 14, 15}, {2, 6, 13, 15}, {1, 5, 7, 16},
{1, 10, 13, 16}, {4, 5, 6, 13}, {2, 3, 10, 13}, {8, 12, 13, 16},
{1, 3, 8, 11}, {1, 7, 8, 14}, {5, 9, 13, 15}, {6, 8, 10, 13},
{5, 8, 11, 13}, {2, 4, 9, 13}, {11, 13, 14, 16}, {3, 7, 13, 16},
{4, 10, 11, 13}, {1, 3, 12, 14}, {7, 12, 13, 15}, {4, 8, 9, 14},
{1, 2, 6, 11}, {5, 12, 13, 14}, {3, 9, 11, 13}, {7, 10, 12, 14},
{3, 8, 10, 14}, {3, 8, 13, 15}, {1, 5, 8, 15}, {5, 9, 10, 14}.
Using MAGMA one veri2es that the resulting incidence structure is indeed a BIBD with =4 (and replication number
r=20). Moreover, MAGMA quickly determines that there are precisely 320 parallel classes (of four blocks each) in this
design. Next, a graph is created with these 320 parallel classes as the vertices. Two vertices P1 and P2 are de2ned to
be incident if and only if each block from P1 meets each block from P2 in exactly one point. An a0ne plane of order
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4 would correspond to a clique of size 5 in this graph. However, a MAGMA computation shows that the clique number
of this graph is 4 (there are precisely 30 maximum cliques of size 4). Thus our original 2 − (16; 4; 4) design has no
subdesign isomorphic to an a0ne plane of order 4.
Theorem 1. There exists an irreducible, simple 4-fold quasimultiple of AG(2; 4).
It should be noted that this 2−(16; 4; 4) design has many 5-resolutions, but none of the 5-factors in any such 5-resolution
is an a0ne plane of order 4.
This example prompts two natural questions. What is the maximum (respectively, minimum) value of the integer s so
that an irreducible, simple s-fold quasimultiple of AG(2; 4) exists? One can easily check that the 3-fold quasimultiple of
AG(2; 4) constructed using the method described in [25] is simple and irreducible, thus s=3 is possible. Is s=2 possible?
Can one 2nd a value of s that is larger than 4? Of course, these questions immediately generalize to questions about
quasimultiples of AG(2; q) for any prime power q. The author is unaware of any results that would give a nontrivial
upper or lower bound on s.
3. Inversive plane quasimultiples
An inversive plane of order n is a 3− (n2 + 1; n+ 1; 1) design. Note that “order” is being used here in the geometric
sense, not the design theoretic sense. The n(n2 + 1) blocks are often referred to as “circles”, and two circles are called
“tangent” if they meet in precisely one point. Given a circle C, a point P on C, and a point Q not on C, there is a
unique circle D containing Q which is tangent to C at the point P. A pencil of circles is a collection of n circles that
are mutually tangent at some point P, and hence cover all the points of the inversive plane. The point P is called the
carrier of the pencil. Moreover, the n(n+1) circles through P are partitioned into n+1 pencils, each with the carrier P.
Circles from distinct pencils with carrier P necessarily meet in precisely two points, one being P. All known examples of
(2nite) inversive planes come from one of two in2nite families, both of which are “egglike” in the sense that they arise
by taking nontangent planar sections of an ovoid in projective 3-space over a 2nite 2eld. For a thorough discussion of
inversive planes the reader is referred to [13, Chapter 6].
We now construct an irreducible, simple (q + 1)-fold quasimultiple of an inversive plane of order q, for any prime
power q, by starting with a certain spread of 	= PG(3; q). A spread S of PG(3; q) is any collection of q2 + 1 mutually
skew lines, necessarily partitioning the point set of 	. A regulus R in 	 is a collection of q + 1 mutually skew lines
with the property that any line of 	 meeting three lines of R necessarily meets all q+ 1 lines of R. There are precisely
q+ 1 such transversal lines to R, and they form another regulus, called the opposite regulus to R and denoted by Ropp.
Alternatively, R and Ropp are the two ruling families of lines lying on a hyperbolic quadric in 	. A simple exercise in
linear algebra shows that there is a unique regulus containing any given set of three mutually skew lines, and a spread is
called regular if it contains the regulus determined by any three of its lines. The importance of this notion is the connection
with translation planes (see [1] or [8]). The translation plane (S) associated with the spread S is Desarguesian if and
only if the spread is regular.
Spreads of PG(3; q) that admit a transitive group action are of particular interest because they generate the so-called
“Rag-transitive a0ne planes” of order q2. In [3] the non-Desarguesian Rag-transitive a0ne planes of order q2, where q is
any odd prime, are completely classi2ed. The corresponding spreads are shown in [2] to be regulus-free if q¿ 5. Let S
be any such regulus-free spread, and let L be any line of 	 which is not in the spread S. Let BL denote the set of q+1
lines of S which meet L (in one point each). It is shown in [4] that BL has exactly one transversal, namely L.
De2ne a design by taking as varieties the q2 + 1 lines of S and by taking as blocks the sets BL, as L varies over all
lines of 	 which are not in S. If M1; M2; and M3 are three distinct lines of S, there are exactly q+1 transversal lines to
these three, namely R(M1; M2; M3)opp. Each of these transversals generates a block containing M1; M2 and M3, and these
blocks are distinct by the above comment that BL has exactly one transversal. Moreover, these are clearly the only blocks
containing M1; M2 and M3. Thus we obtain a simple 3− (q2 + 1; q+1; q+1) design; that is, a (q+1)-fold quasimultiple
of an inversive plane of order q.
We now use MAGMA to construct such a design for q = 5. This is a 3 − (26; 6; 6) design with 780 blocks and
replication number 180. We concentrate on the 180 blocks through some given point, say P0, and label these blocks with
the integers 1; 2; 3; : : : ; 180. We think of these blocks as potential circles through the point P0 in some inversive plane sub-
design.
We 2rst form a graph with these 180 blocks as vertices by de2ning two vertices to be adjacent if and only if the
corresponding blocks meet precisely in the point P0. The clique number of this graph is 5, and there are precisely 36
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(maximum) cliques of size 5, namely the following:
{121, 122, 16, 86, 32} {2, 49, 148, 129, 9} {3, 80, 4, 83, 173}
{143, 144, 36, 48, 5} {156, 81, 17, 7, 62} {59, 8, 30, 140, 10}
{11, 145, 69, 91, 103} {13, 79, 136, 84, 76} {112, 14, 147, 63, 31}
{1, 100, 68, 64, 97} {55, 132, 28, 18, 29} {15, 106, 128, 19, 107}
{101, 172, 20, 174, 21} {25, 146, 114, 61, 75} {33, 26, 158, 105, 42}
{167, 70, 27, 170, 87} {44, 34, 155, 163, 54} {67, 89, 35, 37, 142}
{166, 82, 126, 39, 120} {99, 56, 168, 40, 151} {57, 180, 41, 109, 153}
{177, 47, 115, 94, 43} {45, 111, 46, 152, 65} {154, 90, 125, 73, 52}
{92, 71, 72, 118, 53} {135, 60, 93, 74, 108} {66, 24, 116, 95, 131}
{77, 179, 104, 159, 117} {110, 133, 50, 85, 164} {23, 124, 96, 141, 98}
{12, 102, 6, 171, 175} {22, 88, 58, 157, 119} {169, 137, 127, 138, 51}
{113, 139, 161, 162, 130} {78, 134, 38, 149, 160} {165, 176, 123, 178, 150}
Each of these cliques is a potential pencil of q = 5 circles, mutually tangent at the point P0, in any inversive plane
subdesign.
We next form a second graph with these 36 “pencils” as vertices by de2ning two vertices to be adjacent if and only if
each circle of one pencil meets each circle of the other pencil in exactly two points. More MAGMA computations show
that the clique number of this graph is 6, and there are precisely 12 such (maximum) cliques of size 6. Here they are:
{{143, 144, 36, 48, 5}, {44, 34, 155, 163, 54}, {25, 146, 114, 61, 75},
59, 8, 30, 140, 10}, {121, 122, 16, 86, 32}, {166, 82, 126, 39, 120}}
{{45, 111, 46, 152, 65}, {167, 70, 27, 170, 87}, {77, 179, 104, 159, 117},
{67, 89, 35, 37, 142}, {177, 47, 115, 94, 43}, {121, 122, 16, 86, 32}}
{{22, 88, 58, 157, 119}, {143, 144, 36, 48, 5}, {156, 81, 17, 7, 62},
{112, 14, 147, 63, 31}, {11, 145, 69, 91, 103}, {2, 49, 148, 129, 9}}
{{57, 180, 41, 109, 153}, {45, 111, 46, 152, 65}, {78, 134, 38, 149, 160},
{92, 71, 72, 118, 53}, {12, 102, 6, 171, 175}, {2, 49, 148, 129, 9}}
{{169, 137, 127, 138, 51}, {112, 14, 147, 63, 31}, {66, 24, 116, 95, 131},
{77, 179, 104, 159, 117}, {55, 132, 28, 18, 29}, {3, 80, 4, 83, 173}}
{{154, 90, 125, 73, 52}, {44, 34, 155, 163, 54}, {15, 106, 128, 19, 107},
{113, 139, 161, 162, 130}, {3, 80, 4, 83, 173}, {12, 102, 6, 171, 175}}
{{156, 81, 17, 7, 62}, {67, 89, 35, 37, 142}, {110, 133, 50, 85, 164},
{15, 106, 128, 19, 107}, {99, 56, 168, 40, 151}, {101, 172, 20, 174, 21}}
{{154, 90, 125, 73, 52}, {13, 79, 136, 84, 76}, {11, 145, 69, 91, 103},
{177, 47, 115, 94, 43}, {135, 60, 93, 74, 108}, {23, 124, 96, 141, 98}}
{{13, 79, 136, 84, 76}, {92, 71, 72, 118, 53}, {66, 24, 116, 95, 131},
{1, 100, 68, 64, 97}, {101, 172, 20, 174, 21}, {166, 82, 126, 39, 120}}
{{22, 88, 58, 157, 119}, {33, 26, 158, 105, 42}, {167, 70, 27, 170, 87},
{113, 139, 161, 162, 130}, {1, 100, 68, 64, 97}, {165, 176, 123, 178, 150}}
{{78, 134, 38, 149, 160}, {33, 26, 158, 105, 42}, {55, 132, 28, 18, 29},
{135, 60, 93, 74, 108}, {59, 8, 30, 140, 10}, {99, 56, 168, 40, 151}}
{{169, 137, 127, 138, 51}, {57, 180, 41, 109, 153}, {110, 133, 50, 85, 164},
{25, 146, 114, 61, 75}, {23, 124, 96, 141, 98}, {165, 176, 123, 178, 150}}
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Each such clique represents the q(q + 1) = 30 circles passing through the point P0 in a potential subdesign isomorphic
to an inversive plane of order 5. As any such subdesign would have q(q2 + 1) = 130 circles, we now search for the
remaining 100 circles (none of which contain the point P0) that would complete any of these “starters” to an inversive
plane of order 5. Let C be any one of the 780 − 180 = 600 blocks of our 3 − (26; 6; 6) design that does not contain
P0. We want to decide if C should be a “circle” in our potential subdesign I. By de2nition of an inversive plane, there
should be precisely q + 1 = 6 circles through P0 that are tangent to C (one at each point of C) if C is indeed to be a
circle in I.
Using MAGMA to check the 600 candidate blocks for each of the above 12 cliques, we 2nd that the number circles
which can be added to our potential subdesign is 10, 15, 17, 19, 20 or 23 (each possibility occurring twice). Hence we
never come close to the required 100 additional circles needed for an inversive plane of order 5. That is, indeed we do
have a simple, irreducible 6-fold quasimultiple of an inversive plane of order 5.
There are actually two inequivalent regulus-free spreads of PG(3; 5) which admit a transitive group action (see [3]), but
MAGMA computations show that the resulting 3 − (26; 6; 6) designs are isomorphic. For q = 7 there are three mutually
inequivalent regulus-free spreads of PG(3; 7) that admit a transitive group action. Using MAGMA to investigate the three
resulting 3 − (50; 8; 8) designs, one sees that two of them are isomorphic. For each of the two nonisomorphic designs
obtained, there are 16 possible “starters” for a subdesign isomorphic to an inversive plane of order 7; that is, each starter
represents the 56 circles through some 2xed point P0, partitioned into eight pencils of seven circles each. To complete
any one of these starters, an additional 294 circles are needed. Using the same criterion as above, at most two circles
can be added to each starter. In several cases no circle can be added to the starting set of 56 circles. We collect this
information in the following theorem.
Theorem 2. There exists at least one simple, irreducible 6-fold quasimultiple of an inversive plane of order 5 and at
least two nonisomorphic simple, irreducible 8-fold quasimultiples of an inversive plane of order 7.
It appears that as q gets larger, it gets more and more unlikely that the 3 − (q2 + 1; q + 1; q + 1) designs discussed
above have any 3− (q2 + 1; q + 1; 1) subdesigns. We conclude this section with the following conjecture.
Conjecture 3. For any odd prime power q¿ 5, the simple 3−(q2+1; q+1; q+1) designs constructed above are irreducible
quasimultiples of an inversive plane of order q.
4. Unital quasimultiples
A unital of order n is any 2 − (n3 + 1; n + 1; 1) design. Once again we are using the word “order” in the geometric
sense, not the design theoretic sense. The classical example of a unital is obtained by taking the absolute points and the
nonabsolute lines of a Hermitian (or unitary, hence the name) polarity in any square-order Desarguesian projective plane
PG(2; q2). It is now known that whenever q¿ 2, there also exist nonclassical unitals embedded in PG(2; q2) (see [21]).
Many unitals of order n which are not embeddable in any projective plane of order n2 have now been found. In computer
searches conducted in the 1980’s Brouwer [6,7] found 154 mutually nonisomorphic unitals of order 3, only 12 of which
were embeddable in some projective plane (not necessarily Desarguesian) of order 9. In [22] an exhaustive computer
search shows that there are precisely 18 unitals (mutually nonisomorphic) embedded in the four projective planes of order
9. It should be remarked that over 900 unitals of order 3 have now been found [5].
If U is any unital of order n embedded in a projective plane  of order n2 (so that the blocks of U are intersections
with certain lines of ), then a simple counting argument shows that through each point P of U there pass n2 lines of 
which meet U in n + 1 points (one being P) and hence exactly one line of  which meets U only in P. Lines of the
former type are often called secant lines (or chords) of U , while the lines of the latter type are called tangent lines of
U . As a design, the blocks of U are the intersections of the secant lines with the point set of U . There are n4 − n3 + n2
secant lines and n3 + 1 tangent lines in , and thus every line of  is either a tangent line or a secant line. Through each
point Q∈  \U there pass exactly q+1 tangent lines, and the corresponding points of tangency on U are called the feet
of Q.
There is a general method due to Buekenhout [9] for constructing unitals embedded in any translation plane of order q2
with GF(q) in its kernel. All known unitals embedded in the Desarguesian plane PG(2; q2) are of this type. It is shown
in [15] that all Buekenhout unitals are resolvable as designs. The idea is that for any (embedded) Buekenhout unital,
there is a special Rag (P; ‘), where P is a point on the unital and ‘ is the tangent line at the point P, so that for every
point Q∈ ‘ \ {P} one has the property that the feet of Q are collinear. One thus obtains a parallel class of blocks by
taking the feet of Q as one block and the intersections of the point set of the unital with the secant lines through Q as
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the remaining blocks. Allowing Q to vary over the points of ‘ \ {P} determines all the parallel classes of the resolution
(parallelism).
Non-Buekenhout unitals, even if embeddable in some projective plane, are not necessarily resolvable. For instance,
none of the eight unitals embedded in the Hughes plane of order 9 is resolvable, while only one of the unitals (the
Buekenhout one) embedded in the Hall plane of order 9 is resolvable (see [22]). In [24] a nonexhaustive search for
unitals in the known planes of order 16 is conducted. Of the 38 mutually nonisomorphic unitals found, only 15 are
resolvable 2− (65; 5; 1) designs.
We now construct quasimultiples of unitals by returning to the notion of a classical Hermitian curve. This idea was
suggested to the author by Cossidente [12]. Let H=H (2; q2) be a Hermitian curve (classical unital) in the Desarguesian
plane = PG(2; q2), and let 0 = PG(2; q) be a Baer subplane of  chosen so that C0 = 0 ∩H is a conic of 0. Such a
Baer subplane always exists for odd q (see [23]). Letting PGU (3; q2) act onH in its natural action, one obtains q2(q3+1)
subconic sections of H by Baer subplanes. These sections form the blocks of a 2− (q3 + 1; q+1; q+1) design. That is,
we obtain a (q + 1)-fold quasimultiple of a unital of order q.
Determining if this design has any 2− (q3 + 1; q + 1; 1) subdesigns is a very di0cult problem. This is especially true
since there seem to be so many nonisomorphic unitals of a given order. However, if one restricts to resolvable unitals as
subdesigns, the problem is feasible, at least for small q.
One 2rst constructs a graph G1 by taking as vertices the blocks of the above design and de2ning two vertices to be
adjacent if and only if the blocks have empty intersection. The clique number of G1 is q2−q+1, and (maximum) cliques
of this size correspond to spreads (or parallel classes) of the design. One then forms a second graph G2 by taking these
spreads to be the vertices and by de2ning two vertices of G2 to be adjacent if and only if the corresponding spreads
share no blocks. A resolvable 2 − (q3 + 1; q + 1; 1) subdesign would have its q2(q2 − q + 1) blocks partitioned into q2
spreads. That is, if any such subdesigns exist, G2 would need to have cliques of size q2. When q=3, a somewhat lengthy
MAGMA computation shows that the clique number of G2 is 6 (there are 642 such cliques), and hence the original
2-design has no resolvable unital subdesigns of order 3. Hence we have the following result.
Proposition 4. There exists a simple 2− (28; 4; 4) design with no resolvable 2− (28; 4; 1) subdesigns.
It seems quite likely that for any odd prime power q, the 2− (q3 + 1; q+ 1; q+ 1) design de2ned above will not have
any resolvable 2 − (q3 + 1; q + 1; 1) subdesigns. Whether this unital quasimultiple is irreducible, as previously de2ned,
seems to be a much more di0cult question.
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